We give a parameterized generalization of the sum formula for quadruple zeta values. The generalization has four parameters, and is invariant under a cyclic group of order four. By substituting special values for the parameters, we also obtain weighted sum formulas for quadruple zeta values, which contain some known results.
Introduction
A multiple zeta value is a generalization of a classical special value of the Riemann zeta function ζ(s) = for an index set (l 1 , l 2 , . . . , l n ) of positive integers with l 1 ≥ 2. The integers l = l 1 + · · · + l n and n are called the weight and the depth respectively. These values have arisen in various areas such as geometry, knot theory, number theory and mathematical physics [22] . There are many relations among these values, and an outstanding example is the sum formula which was proved for depth two by Euler [2] , for depth three by Hoffman and Moen [9] , and for general depth by Granville [4] and Zagier [23] , independently. The formula says that the sum of all multiple zeta values of fixed weight l and depth n is expressed by the special value ζ(l), that is, l 1 ≥2,l 2 ,...,ln≥1
(l 1 +···+ln=l) ζ(l 1 , . . . , l n ) = ζ(l).
Various generalizations of the sum formula have been studied: Ohno's relations, the cyclic, restricted and weighted sum formulas [1, 5, 8, 10, 14, 15, 16, 17, 18, 19, 20] . Recently parameterized generalizations of the sum formula, which we call parameterized sum formulas, were given for double and triple zeta values [3, 13] . The parameterized sum formula for double (resp. triple) zeta values has two (resp. three) parameters, and is invariant under a cyclic group of order two (resp. three), more precisely, the symmetry group S 2 of degree two (resp. the alternating group A 3 of degree three). By substituting special values for the parameters, these formulas yield some weighted sum formulas which contain the results of Ohno and Zudilin [18, Theorem 3] for double zeta values and of Guo and Xie [5, Theorem 1.1] for triple zeta values.
In this paper, we give a parameterized sum formula for quadruple zeta values which has four parameters and is invariant under a cyclic group of order four. By substituting special values for the parameters, we also obtain weighted sum formulas for quadruple zeta values which contain results of Guo and Xie [5] and of Ong, Eie and Liaw [19] .
We prepare some notation in order to describe the parameterized sum formula precisely. Let S n be the symmetric group of degree n and e its identity element, in particular, we put S = S 4 . Let σ 1 , . . . , σ m denote the subgroup generated by permutations σ 1 , . . . , σ m . Let C be the cyclic group (1234) of order four, and C the subset {e, (1234)} of C, where (i 1 . . . i m ) means a cyclic permutation defined by i 1 → · · · → i m → i 1 . Let H σ stand for Hσ for any subset H and element σ of S. We define a left action of S on the ring C[x 1 , x 2 , x 3 , x 4 ] of polynomials in four variables by σ · f (x 1 , x 2 , x 3 , x 4 ) := f (x σ(1) , x σ(2) , x σ(3) , x σ(4) ) where σ ∈ S and f (x 1 , x 2 , x 3 , x 4 ) ∈ C[x 1 , x 2 , x 3 , x 4 ]. We put
The parameterized sum formula for quadruple zeta values is as follows. THEOREM 1.1. Let l be an integer with l ≥ 5, and x 1 , x 2 , x 3 , x 4 be parameters. Let ′ mean running over all positive integers l 1 , l 2 , l 3 , l 4 satisfying l 1 ≥ 2 and
We see that (1.3) is a straightforward generalization of the original sum formula because (1.3) with (x 1 , x 2 , x 3 , x 4 ) = (1, 0, 0, 0) gives (1.2) for n = 4, and that (1.3) is invariant under C since σ∈S and σ∈Cα (α ∈ S) are unchanged under any left action of C.
As applications of the parameterized sum formula, we give the weighted sum formulas in Theorem 1.2 below, which consist of the known formulas (1.4), (1.5) and (1.6), and the new formula (1.7) whose weights have not only powers of 2 but also powers of 3. To be exact, (1.4) and (1.6) were the results of [5, Theorem 1.1] and [19, Main Theorem] for quadruple zeta values, respectively. It seems that (1.5) is not printed out anywhere, but (1.5) is easily derived from subtracting (1.6) from twice (1.4).
The key relations for the proof of (2.3) are the following harmonic relations which are derived from decomposition of summation.
where
(ii) We have
Proof. By (2.1), we have
. , we see that
where we put z * Table 1 , we obtain (2.4).
As the same way, we see from the decomposition of m 1 >m 2 >0 (2.12) which with (z 1 , z 2 , z 3 , z 4 ) = (z, z 2 , z, z 2 ) and Table 1 proves (2.6). We will verify (2.8) by using (2.6). For this we need the following harmonic relations which are obtained by the decomposition of m 1 >0
and the one of m 1 >m 2 >0
By (2.13) with (w 1 , w 2 ) = (z, z) and (k 1 , k 2 ) = (l 3 , l 4 ), and (2.14) with (w 1 , w 2 , (143), (14), (1243) (l 34 , l 12 ) (13)(24), (14)(23), (1423), (1324)
e, (123), (132), (12), (13), (23) (l 1 , l 234 ) e, (234), (243), (23), (24), (34) (l 124 , l 3 ) (12)(34), (143), (243), (34), (1243), (1432) (l 2 , l 134 ) (12)(34), (123), (124), (12), (1234), (1243) (l 134 , l 2 ) (13)(24), (142), (234), (24), (1342), (1423) (l 3 , l 124 ) (13)(24), (132), (134), (13), (1324), (1342) (l 234 , l 1 ) (14)(23), (124), (134), (14), (1234), (1324) (l 4 , l 123 ) (14) (23), (142), (143), (14), (1423), (1432)
By (2.15), we also get
Since direct calculations show that
(2.6), (2.16) and (2.17) with Table 1 prove (2.8).
We verify (2.10) finally. To exactly express the decomposition of a summation by permutations is difficult in general, but the case of m 1 ,m 2 ,m 3 ,m 4 >0 is not since the summation is invariant under S and its decomposition can be understood in terms of quotient sets of S as we see below. For an odd permutation (ij), A is a transversal of S/ (ij) since the numbers of A and S/ (ij) are equal and the canonical projection of A into S/ (ij) is injective. It also follwos from Table 1 that C ∪ C (14) is a transversal of S/ (12), (34) , since C = {e, (1234), (13)(24), (1432)}, C (14) = {e, (1234)}(14) = {(14), (234)}, and S/ (12), (34) is isomorphic to
by representation theory, where we say that l 1 ∼ l 2 for l i ∈ (l j 1 j 2 , l j 3 j 4 ) if and only if there is a permutation σ such that l 1 = σ · l 2 . Similarly it holds that C is a transversal of S/S i , where S i denotes {σ ∈ S | σ(i) = i} and i = 1, 4. Let N be the set of positive integers and m mean a lattice point (m 1 , m 2 , m 3 , m 4 ) in N 4 . Since A, C ∪ C (14) and C are transversals of certain quotient sets, the lattice points in N 4 decompose into the following disjoint subsets;
where σ ∈ S, τ ∈ A, ρ ∈ C ∪ C (14) and ν ∈ C. Similarly to (2.4) and (2.6), (2.10) follows from the decomposition of m 1 ,m 2 ,m 3 ,m 4 >0 induced by the one above.
We prepare some equations in order to prove Proposition 2.1, which are obtained by summing up each harmonic relation in Lemma 2.2 with
Proof. We see from direct calculations that S is decomposed into the six right cosets and from Table 1 that (14) in S/ (23) , C ≡ C (34) , C (12) ≡ C (13) , C (14) ≡ C (23) in S/ (34) .
By (2.21) we obtain
= σ∈C (12) .
Summing up (2.4) with (l
Similarly we find from direct calculations that C · V 2 = C (23) and C · U 2 = C ∪ C (14) ∪ C (23) , and from Table 1 that C (23) ≡ C (14) in S/ (12), (34) . Therefore summing up (2.6) with (l 1 , l 2 , l 3 , l 4 ) = σ · (l 1 , l 2 , l 3 , l 4 ) for σ ∈ C gives (2.19).
We see from (2.21) that σ∈C·W 3 = σ∈C (13) + σ∈C (23) , (13) , and from Table 1 that C (13) ≡ C, C (23) ≡ C (14) in S/ (12), (34) and C (24) ≡ C in S/S 4 . Because of (2.22), summing up (2.8) with (l 1 , l 2 , l 3 , l 4 ) = σ · (l 1 , l 2 , l 3 , l 4 ) for σ ∈ C also gives (2.20).
We prove Proposition 2.1.
Proof of Proposition 2.1. It follows from (2.10), (2.18), (2.19) and (2.20) that
Adding together (2.23) up to x
for all positive integers l 1 , l 2 , l 3 , l 4 with l 1 + l 2 + l 3 + l 4 = l proves (2.3). REMARK 2.4. Let l = (l 1 , l 2 , l 3 , l 4 ) be an index set of integers with l j ≥ 2. By (2.23) with z = 1, we obtain an equation for a cyclic sum of ζ(l),
On the other hand, Hoffman [7, Theorem 2.2] proved equations for symmetric sums of multiple zeta values. The equations in cases of double, triple and quadruple zeta values are as follows. (Note that A instead of ζ is used for a symbol of multiple zeta value in [7] .)
where we put l 2 = (l 1 , l 2 ) and l 3 = (l 1 , l 2 , l 3 ). By virtue of (2.25) and (2.26), summing up (2.24) with the left actions of σ ∈ {e, (12), (13) , (14), (23), (34)} yields (2.27) after some calculations.
Identities derived from shuffle relations
The purpose of this subsection is to prove the following identities.
PROPOSITION 2.5. Let {z}
n denote the n-tuple (z, . . . , z), and l be an integer with l ≥ 4. 
As we see in the proof below, each coefficient of x
's of the above identities is a shuffle relation for quadruple polylogarithms because of the equivalence between partial fraction expansions and shuffle relations (see [6] and [12] ). where U 1 is the set defined in (2.5). By replacing m j by m j − ty j and calculating the coefficient of t l−4 , we get 
. In the same way, we can find from the partial fraction expansion 
Asymptotic properties
Let O denote the Landau symbol. For any function F (z) which has a polynomial P (T ) and a positive number J > 0, and satisfies the asymptotic property
we define the constant term of P (T ) by C 0 F (z) , that is, C 0 F (z) = P (0). Here z ր 1 means bringing z close to 1 under the condition 0 < z < 1. Function C 0 is well defined since P (T ) is uniquely determined by (2.33).
In this subsection, we evaluate images of some functions written in terms of multiple polylogarithms under C 0 , which enable us to calculate the constant terms of the asymptotic expansions of the functions appearing in Propositions 2.1 and 2.5.
Firstly we introduce the basic asymptotic properties about the multiple polylogarithms Li l 1 ,...,ln ({z} n ) which were shown in [11, §2] .
LEMMA 2.6 ([11]
). For any multiple polylogarithm Li l 1 ,...,ln ({z} n ), there are a unique polynomial Z x l 1 ,...,ln (T ) and a positive number J > 0 such that (2.33) holds. We call Z x l 1 ,...,ln (0) the regularized multiple zeta value, and denote it by ζ x (l 1 , . . . , l n ). It is obvious by definition that
where the last equation is a shuffle relation derived from
.
We define parameterized sums of regularized double, triple and quadruple zeta values by
where l means (l 1 , . . . , l n ) for suitable n. We also denote x l−1 ζ x (l) by S x l (x) for convenience, and easily see that
The objective images under C 0 are in Propositions 2.7 and 2.8 below. The images in Proposition 2.7 (resp. 2.8) enable us to calculate the constant terms of the asymptotic expansions of the functions appearing in Proposition 2.1 (resp. 2.5).
PROPOSITION 2.7. Let l be a positive integer. We assume that l ≥ 2 in the first, l ≥ 3 in the second, and l ≥ 5 in the third equation. Then we have
PROPOSITION 2.8. Let l be an integer as in Proposition 2.7. Then we have
By comparing Propositions 2.7 with 2.8, we see that the images of
under C 0 are nearly equal to those of
respectively, but they have some extra values. We will prove the two propositions. Proposition 2.8 easily follows from (2.2), (2.34) and (2.36). We give two lemmas in order to prove Proposition 2.7.
LEMMA 2.9. Let (l 1 , . . . , l n ), (i 1 , . . . , i n ) and (j 1 , . . . , j n ) be n-tuples of positive integers. Assume that i 1 ≤ · · · ≤ i n , j 1 ≤ · · · ≤ j n and i a ≤ j a for every integer a.
If there is a positive integer
. . , z jn ) and (2.43) holds evidently. Suppose that it is false and b is the smallest integer such that i b < j b . We set i 0 = j 0 = 0, and put i 
It is clear that i, j > 0. Under the condition 0 < z < 1, we thus see that
We see from (2.35) that
which with (2.44) and (2.45) proves (2.43).
We note the following facts; When l 1 , . . . , l n are positive integers, l 1 · · · l n = 1 if and only if l 1 = · · · = l n = 1, and l 1 · · · l n > 1 if and only if l j > 1 for some j.
LEMMA 2.10. Let l 1 , l 2 , l 3 , l 4 , l be positive integers. We assume that l = l 1 + l 2 + l 3 in the second, and l = l 1 + l 2 + l 3 + l 4 and l ≥ 5 in the third equation. Then we have
Proof. Strictly speaking, it is necessary to verify the fact that the polylogarithms in the lemma have asymptotic properties such as (2.33). This fact is easily seen in the courses of the proofs below by virtue of Lemmas 2.6 and 2.9, and we do not mention it anymore. Equations (2.46) and (2.47) except the case of l 1 l 2 l 3 = 1 are proved in [13, Lemma 2.4], and we omit their proofs. The remaining case is derived as follows. We see from (2.43) 2) . By using the harmonic relation
derived from the decomposition of m 1 ,m 2 ,m 3 >0 , we thus obtain
where we used the simplest sum formula ζ(2, 1) = ζ(3). This proves (2.47) for l 1 l 2 l 3 = 1 since ζ x (1, 2) = −2ζ(3) which follows from the image of the harmonic relation
under C 0 for k = 3. Equation (2.48) for l 1 l 2 > 1 is clear because of (2.34) and (2.43). We prove (2.48) for l 1 l 2 = 1 and l 3 > 1. By (2.12) with z 1 = z 2 = z 3 = z 4 = z, we obtain 
ρ∈ (24) σ · Q which follows from C = C (13)(24) .
Proof of Theorem 1.2
In this final section, we derive Theorem 1.2 from Theorem 1.1. Before proving Theorem 1.2, we prepare some equations by substituting 0 or 1 for each parameter x j in (1.3). For the substitutions, the mathematical software "Maxima" is used implicitly, and (3.3) instead of (1.3) is referred to since both are equivalent and (3.3) is convenient to calculate. We prove Theorem 1.2. Note that Q l (1, 1, 1, 1) = ζ(l) by (1.2) with n = 4.
Proof of Theorem 1.2. Formulas (1.4) and (1.5) respectively follow from (4.1) and (4.2) because of (3.2). Formula (1.6) is derived from subtracting (1.5) from twice (1.4). We prove (1.7) next. Since 3(l − 3)/2 + l−2 2 = (l + 1)(l − 3)/2, adding up (4.1), the half of (4.2), and (4.3) yields
